We propose improvements in numerical evaluation of symmetric stable density and its partial derivatives with respect to the parameters. They are useful for more reliable evaluation of maximum likelihood estimator and its standard error. Numerical values of the Fisher information matrix of symmetric stable distributions are also given. Our improvements consist of modification of the method of Nolan (1997) for the boundary cases, i.e., in the tail and mode of the densities and in the neighborhood of the Cauchy and the normal distributions.
Introduction
There have been many researches to evaluate densities and quantiles of symmetric or general stable distributions. McCulloch (1998) considered efficient algorithms for approximating symmetric stable densities f (x; α) for the range α > 0.85, where parameter α denotes the characteristic exponent. Nolan (1997) gave accurate algorithms for general stable densities based on integral representations of the densities which were derived by Zolotarev (1986) . Nolan provides a very useful program package "STABLE" on his web page * . However his program exhibits some unreliable behavior around the boundary as stated in the users guide of STABLE. Therefore even in the case of symmetric stable distributions, reliable computations of density functions including all the boundary cases is still needed. Furthermore for maximum likelihood estimation, it is desirable to directly compute the derivatives of the density function. In this paper we present reliable computations of symmetric stable density functions and their partial derivatives. Our computation of densities is accurate for all values of x and 0.1 < α ≤ 2. Concerning the partial derivatives it is accurate in a somewhat smaller range of values.
Regarding maximum likelihood estimation for the range α ≥ 0.4, Nolan (2001) used interpolated stable densities and maximized the likelihood by approximate gradient search (constrained quasiNewton method) because of its efficiency. But near the boundary of the parameter space interpolation may be inaccurate and the direct integral representation is used. Note that the direct integral representation is also not very reliable and slow near the boundary. In the symmetric case, Brorsen and Yang (1990) discussed maximum likelihood estimation using an integral representation of the densities given by Zolotarev (1986) . But they have only considered the range α > 1 to avoid the discontinuity and nondifferentiability at α = 1. Furthermore they did not check the sample covariances of their maximum likelihood computation with the Fisher information matrix.
These previous researches on maximum likelihood estimation have not used direct evaluation of the derivatives of the log likelihood function with respect to the parameters. For reliable evaluation of the maximum likelihood estimator and its standard error, direct and reliable evaluation of the first and the second derivatives of the log likelihood function is desirable.
The organization of this paper is as follows. In Section 2 we summarize notations and preliminary results on symmetric stable density. In Section 3 we provide an accurate algorithm for calculations of symmetric stable distributions which modifies Nolan (1997) for x near 0 or ∞ and for α = 1 or α = 2 using various expansions. Accurate algorithms for the partial derivatives of symmetric stable distributions with respect to the parameters are given in Section 4 and Section 5. Fisher information matrices are calculated in Section 6, together with some simulation studies on the variance of the maximum likelihood estimator and the observed Fisher information. We also discuss behavior of Fisher information as α → 2. Some discussions are given in Section 7.
Preliminaries
In this section we prepare notations and summarize preliminary results. There are many parameterizations for stable distributions and much confusion has been caused. Our parameterizations follow the useful parameterizations for statistical inference which were given in Nolan (1998).
Notations
denote the characteristic function of symmetric stable distribution with parameters
where α is the characteristic exponent, µ is a location parameter and σ is a scale parameter. For the standard case (µ, σ) = (0, 1) we simply write the characteristic function as Φ(t; α) = exp(−|t| α ). The corresponding density is written as f (x; µ, σ, α) and f (x; α) in the standard case:
is the Cauchy density and at α = 2
is the normal density N (0, 2). Accordingly the density can be defined to constitute a location-scale family. In the following, the first derivative of f (x; α) with respect to x is denoted by f ′ (x; α) and the second derivative is denoted by f ′′ (x; α). Then
The partial derivatives with respect to σ and α are written by subscripts, e.g.,
f (x; µ, σ, α).
As above, when these derivatives are evaluated at the standard case (µ, σ) = (0, 1) we write f α (x; α), f ασ (x; α), etc. Note that
Furthermore we write
The reason we consider up to the second order derivatives of the density function is that in assessing the standard error of the maximum likelihood estimatorθ, the observed Fisher information
is usually preferred to the value of the Fisher information matrix atθ (e.g. Efron and Hinkley (1978) ).
Note that there are other parameterizations of symmetric stable distributions than (2.1). However different parameterizations in the literature are smooth functions of each other including the boundary α = 2 and differentiations in terms of other parameterizations can be obtained from the results of this paper by the chain rule of differentiation.
Preliminary results
From equation (2.2.18) of Zolotarev (1986) or Theorem 1 of Nolan (1997) , the density f (x; α) for the case α = 1 and x > 0 is written as
Note that at x = 0
For the case x → 0 and 0 < α ≤ 2, α = 1, the following expansion can be used.
For α < 1, this series is not convergent but can be justified as an asymptotic expansion as x → 0. For 1 < α ≤ 2, it is convergent for every x. Similarly for the case x → ∞ and 0 < α ≤ 2, α = 1, we have
For α < 1 this series converges for every x = 0 and for α > 1 this series can be justified as an asymptotic expansion as x → ∞. For α = 2 this asymptotic expansion is zero, which corresponds to the fact that the tail of normal distribution is exponentially small. These (asymptotic) expansions are stated in Bergström (1953) , Section XVII.6 of Feller (1971), Section 2.4 and Section 2.5 of Zolotarev (1986).
3 Numerical evaluation of symmetric stable densities
As in Nolan (1997) we numerically evaluate the density function using (2.6). In (2.6) the function g(ϕ; α, x) : [0,
plays an important role, because properties of this function make the numerical integration quite efficient. Note that g(ϕ; α, x) is continuous and positive, strictly increases from 0 to ∞ for α < 1 and strictly decreases from ∞ to 0 for α > 1. Therefore the integrand g(·) exp(−g(·)) is unimodal and its maximum value 1/e is uniquely attained at ϕ 1 satisfying g(ϕ 1 ; α, x) = 1. When the value of density is small, the integrand concentrates around its mode very narrowly. Then quadrature algorithms may miss the integrand. Therefore we solve g(ϕ; α, x) = 1 for ϕ 1 and the integral is divided into two intervals around this mode (see Nolan (1997) ). For numerical calculations of (2.6) we use adaptive integration with singularity (QAGS) in GNU Scientific Library (2003) . For most values of x and α this integration works well.
However, when α is close to 2 this algorithm has some difficulty. Note that for α = 2 g(ϕ; 2, x) = x 2 sin ϕ 2 and g(π/2; 2, x) = x/2. Therefore ϕ 1 exceed π/2 when x > 2. There are some other numerical difficulties in (2.6). We list these difficulties and propose alternative practical methods for evaluating the density.
α is small and x → 0:
If α is small, the density is very much concentrated at x = 0. For example Nolan (1997) states f (0; 0.1) = 1.155 × 10 6 whereas f (0.01; 0.1) = 1.66. In our calculations when α is small and x near 0 the values of (2.6) sometimes become larger than f (0; α), contradicting the unimodality of the stable density. For this case we can use the asymptotic expansion (2.8).
x → ∞:
We cannot guarantee the accuracy of (2.6) in the case of x → ∞. Since stable distributions have heavy tails, reliable calculation of their densities is needed for large x. In our calculations when α > 1 and x is large the values of (2.6) sometimes become much smaller than the asymptotic expansion (2.9). For this case we can use the asymptotic expansion (2.9).
3. α is near 1:
The representation (2.6) can not be applied at α = 1 theoretically. The numerical quadrature of (2.6) becomes unreliable because of roundoff errors, when α is close to 1.
α is near 2:
Though the representation (2.6) can be applied near α = 2 theoretically, it seems to be too close to the normal distribution in the tail of the distribution. Actually the values of the density in the tail obtained by the integral representation (2.6) is much smaller than the asymptotic expansion (2.9).
For the rest of this section, we discuss the cases 3 and 4 above. For α . = 1, we consider Taylor expansion of the density around α = 1. Let
denote the Euler's constant throughout the rest of this paper. The Taylor expansion of f (x; α) around α = 1 is given as follows.
where
For convenience the explicit form of f ααα (x; 1) is given in appendix A. 
Differentiating (3.4) several times with respect to ν, setting ν = 2, and combining the results in the inversion formula we obtain (3.2) and (3.3). The conditions for change of integral and differentiation are satisfied in these cases. Although higher order derivatives of f (x; α) with respect to α can be evaluated along the same line, we found that the three term expansion (3.1) is sufficiently accurate. Now we consider the case α → 2 and x → ∞. It seems natural to use asymptotic expansion (2.9). However the normal density has an exponentially small tail and this expansion is meaningless for α = 2. However in view of smoothness at α = 2, an approximation around the normal density is desirable. This case is somewhat subtle, but we found that the following procedure works well numerically. Note that from (2.8), for each fixed x, f (x; α) is differentiable with respect to α (> 1) even at α = 2, i.e., for each fixed x we have
Differentiating (2.9) with respect to α, for large x, heuristically we have
We summarize our treatments of various boundary cases in Table 1 . The range of x and α and the number of terms k in the expansions (2.8) and (2.9) are shown. For 0.99 < α ≤ 1.01 we use formula (3.1) and for α > 1.99999 and for x large we use the maximum of (2.6) and (3.5) . Note that for most cases a small number of terms in the expansions (2.8) or (2.9) is sufficient. The approximations are very effective since the expansions and the integral (2.6) give virtually the same results for most values of x and α. 
4 Partial derivatives of the symmetric stable density with respect to the location and the scale parameters
In this section we discuss the first and the second derivatives of the stable density with respect to the location parameter µ and the scale parameter σ.
The first derivatives w.r.t. location and scale
Differentiating (2.6) we obtain
for α = 1 and x > 0. In view of (2.2) and (2.4) we only have to evaluate (4.1). The integrand g(·)(1 − g(·)) exp(−g(·)) has a positive local maximum and a negative local minimum. These are attained at ϕ 2 : g(x; α, ϕ 2 ) = (local minimum). For α < 1 the ordering of these points is ϕ 3 ≤ ϕ 1 ≤ ϕ 2 and the reverse holds for α > 1. Accordingly we divide the interval of integration and then the method of adaptive integration gives reliable values. Without these divisions the numerical integration sometimes does not converge or produces incorrect
As in the case of the density itself, we use alternative representations of the first derivative of the symmetric stable density around the boundary and following representations are needed.
1. Expansions of the first derivative of the density.
As in (2.8), for 1 < α ≤ 2, this series is convergent for every x. For α < 1, this series is justified as an asymptotic expansion as x → 0. Similarly for the case x → ∞ we have
For α < 1 this series converges for every x = 0 and for α > 1 this series is justified as an asymptotic expansion.
2. Taylor expansion of derivative of density around α = 1:
where Table 2 is a summary of approximations to the first derivative f ′ (x; α). The interpretation of Table 2 is almost the same as Table 1. Note that for 0.99 < α ≤ 1.01 the approximation (4.4) around Cauchy using Taylor expansion to the order O((α−1) 2 ) is accurate enough. In the range α ∈ [0.1, 0.2), approximations are not good and we do not consider accurate calculations of derivatives. For α very close to 2 and x large, we have the same problem as in the case of the density. However (4.1) gives reasonable values and we use (4.1). Note that if α is very close to 2, then we do not observer very large x and the approximation to f ′ (x; α) is less important than the density itself. We will discuss this problem again in Section 6 in connection with accurate evaluation of the Fisher information for α very close to 2. We present the graphs of the derivative concerning µ (Figure 1) , and the derivative concerning σ (Figure 2 ). Both derivatives are continuous in α and we do not see abrupt changes of the forms for different values of α.
The second derivatives w.r.t. location and scale
We only need to evaluate f ′′ (x; α) as in the case of the first derivatives. Differentiating (4.1) we obtain
Considering that f (x; α) and f ′ (x; α) can be calculated as in the previous sections, we only need to evaluate the integral which appear in the third term of (4.5). The integrand g 2 (·)(2 − g(·)) exp(−g(·)) in the second term on the right hand side of (4.5) has a zero at ϕ 4 : g(x; α, ϕ 4 ) = 2, a local minimum at ϕ 1 : g(x; α, ϕ 1 ) = 1 and a local maximum at ϕ 5 : g(x; α, ϕ 5 ) = 4. For α < 1 the order of these points is ϕ 1 ≤ ϕ 4 ≤ ϕ 5 and the reverse order holds for α > 1. Therefore we can divide the interval of integral according to these values and get accurate results. Alternative representations of the second derivative of the symmetric stable density around the boundary are as follows.
1. Expansions of the second derivative of density.
For 1 < α ≤ 2 this series is convergent for all x and for α < 1 this is justified as an asymptotic expansion as x → 0. Similarly for x → ∞ we have
For α < 1 this series is convergent for x = 0 and for 1 < α ≤ 2 this series is justified as an asymptotic expansion.
2. Taylor expansion of the second derivative of density around α = 1:
where Table 3 summarizes uses of various expansions. Here formula (4.8) means use of Taylor expansion of the second derivative of density around α = 1 and (4.5) means direct use of integral expression of the second derivative. Note for α → 2 and x → ∞ the same problem arise as in the density. However we do not use the second derivative of density for α ∈ (1.999, 2.0] in this paper.
Partial derivatives with respect to the characteristic exponent
In this section we discuss the first and the second derivatives of the stable density with respect to the characteristic exponent α.
The first derivative w.r.t. α
We only need to investigate the standard (µ = 0 and σ = 1) case. Although the representations of f α (x; α) sometimes become complicated, careful analysis of various cases gives accurate and efficient calculations. The direct differentiation of (2.6) yields the following representation.
Here for convenience h i (ϕ), i = 1, 2, 3, are defined as
We consider the integrand g α (·)(1− g(·)) exp(−g(·)) in (5.1) separately, dividing it into three parts
For each g(·)h i (·)(1−g(·)) exp(−g(·)), i = 1, 2, 3, we divide the interval of integration appropriately based on zero points ϕ i , i = 1, 4, 5. The following properties are obtained by careful evaluation of the signs of derivatives of h i (·). h 1 (ϕ): strictly decreasing, zero at ϕ 4 :
x cos ϕ sin αϕ = 1, ϕ 1 < ϕ 4 for α < 1 and ϕ 4 < ϕ 1 for α > 1. h 2 (ϕ): negative for α < 1. The sign changes from + to − at ϕ 5 = π 2α for α > 1. h 3 (ϕ): nonpositive for α < 1. nonnegative for α > 1.
As in the density, we use alternative representations of the first derivative of the symmetric stable density concerning α around the boundary and following representations are needed.
1. Expansions of the first derivative of the density w.r.t α.
For 1 < α ≤ 2 this series is convergent for every x and for α < 1 it is justified as an asymptotic expansion as x → 0. Similarly for x → ∞ we have
2. Taylor expansion of the first derivative of α around α = 1:
where f α (x; 1) and f αα (x; 1) are given by (3.2) and (3.3).
In 
where z = (2a)
is the parabolic cylinder functions (see p.255 of Oberhettinger (1990) ). Differentiating this with respect to ν, setting ν = 2 and adjusting some signs and constants we obtain f α (x; 2). These values coincide with that of expansions in (5.4) at α = 2. Note the integral (5.1) is not accurate when α is very close to 2 especially for α > 1.9999999 . This inaccuracy of the integral (5.1) is illustrated in Figure 6 , in comparison to the accurate values shown in Figure 5 . Table 4 is a summary of approximations to the first derivative of the density function with respect to α.
The formula (5.6) means Taylor expansion of the first derivative of α around α = 1. For α ∈ (1.9999, 2.0] we use only the expansion (5.4) and the asymptotic expansion (5.5). Table 4 : Approximations to f α (x; α) at boundary cases Here we present graphs of the first derivative w.r.t. α in Figure 3 , Figure 4 , Figure 5 , Figure 6 , Figure 7 and Figure 8 . The first derivative f α (x; α) with respect to α is shown in Figure 3 and 4 and the score function f α (x; α)/f (x; α) is shown in Figure 7 and 8. Note that graphs of f α (x; α) where α = 1.999999 and α = 2.0 in Figure 5 are almost the same corresponding to the fact f α (x; α) is continuous in α ∈ (0, 2].
5.2
The second derivative w.r.t. α Differentiating (5.1) we obtain Concerning the second integral we utilize the arguments of Section 4.1 for efficient integration. The third integral is calculated by dividing the interval of integration using zeros of integrand ϕ i for i = 1, 2, 3. As for the fourth integral, we integrate separately the two terms in the integrand. An alternative representations of the second derivative of the symmetric stable density concerning α around the boundary are as follows.
1. Expansions of the second derivative of density w.r.t. α.
2. Taylor expansion of the second derivative of α around α = 1:
where f ααα (x; 1) is given in Appendix A. Table 5 is a summary of approximations of the second derivative of density function concerning α. Formula (5.10) means use of Taylor expansion of the second derivative of α around α = 1. For the sake of convenience we use the integral representation (5.7) when α ∈ (1.999, 2.0) and x → ∞. This is somewhat problematic as in the case of the first derivative w.r.t. α and further investigation is needed for α near 2. In the calculations of the present paper, this problem appears only in the observed fisher information for α = 1.5. However the estimated valuesα very near α = 2 seldom occur and there seems to be no influence of this problem in the values presented in Table 8 .
Fisher informations of symmetric stable distributions
Using the results of the previous section we can accurately evaluate the Fisher information matrices of the symmetric stable distributions. To the authors' knowledge there are only two somewhat DuMouchel (1975) . The former was based on numerical differentiations of densities and did not give the informations for α < 0.5. The latter had the problem of truncation of the integral and did not give the informations for α < 0.8. Considering that the tails and modes of distributions are important for calculating informations, our approach is desirable. We give the informations α ∈ [0.2, 2.0] of the symmetric distributions in Table 6 . In Table 6 ' * ' means that the quantity is not defined. The values in Table 6 largely coincide with those of DuMouchel (1975) . The components of Fisher information matrix I are defined as follows.
(6.1) (2) are also shown in the parentheses in Table 8 .Î αα (2) has smaller variance thanÎ αα (1) but some positive bias is observed inÎ αα (2) compared to the true information I αα . For the rest of this section, we discuss behavior of the Fisher information as α ↑ 2. Investigation of the Fisher information in this case is difficult because it involves detailed study of behavior of the score function as α ↑ 2 and x → ∞.
DuMouchel (1975, 1983) have proved that I αα → ∞ as α ↑ 2. Nagaev and Shkol'nik (1988) made more detailed analysis of I αα and shown that (6.3)
I αα = 1 4∆ log(1/∆)
(1 + o(1)), ∆ = 2 − α. Table 9 gives the information for α extremely close to 2. I αα (1) means use of Taylor approximation around normal (3.5) and I αα (2) means use of (2.9) when x > 10 
Conclusions and some discussions
In this paper we proposed reliable numerical calculations of the symmetric stable densities and their partial derivatives including various boundary cases. We found that except for very small values of α (α < 0.1) our method works very well. This enables us to reliably compute the maximum likelihood estimator of the symmetric stable distributions and its standard error.
For the family of stable distributions, the use of the observed Fisher information in (2.5) for assessing the standard deviation of the maximum likelihood estimator needs further investigation. Our simulation suggests that there may be some merit in using only the first term on the right hand side of (2.5).
Further study is needed to theoretically establish the limiting behavior of the Fisher information matrix as α ↑ 2.
Finally it is of interest to extend the methods of the present paper to the general asymmetric stable densities and to the multivariate symmetric stable densities. These extensions will be studied in our subsequent works.
A The third order derivative of f (x; α) w.r.t. α around Cauchy Write G(ν, y) =
